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Abstract
We describe a method for the computation of the group of automorphisms AutC(X × Y) of a
product object in an arbitrary category C, when some special properties are satisfied. This method is
then applied to the computation of the group of self fibre homotopy equivalences of a fibred product.
Some typical examples are considered. Ó 2000 Elsevier Science B.V. All rights reserved.
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0. Introduction
Given a connected pointed CW-complex B let CWB denote the category whose objects
are fibrations p :X→ B where the total space and the fibre have the homotopy type of a
CW-complex, and whose morphisms are fibre-preserving maps. For an object p :X→ B
in CWB let Aut(p) denote the set of homotopy classes of based, fibre-preserving self-maps
of X, which are homotopy equivalences. This set is a group with respect to the operation
induced by the composition of maps, and it is called the group of self fibre homotopy
equivalences of the fibration p. Alternatively, Aut(p) can be described as the group of
automorphisms of the object p in an appropriate homotopy category of CWB .
The categorical product in CWB is the fibred product: given fibrations p :X→ B and
q :Y → B their fibred product p u q :X×B Y →B is defined by the pull-back diagram
X×B Y
puq
q
puq
p puq
Y
q
X p B
.
1 E-mail: petar.pavesic@uni-lj.si.
2 Partly supported by the Ministry for Science and Technology of the Republic of Slovenia, Grant No. J1-7039-95.
0166-8641/00/$ – see front matter Ó 2000 Elsevier Science B.V. All rights reserved.
PII: S0166-8641(98)0 01 43 -6
170 P. Pavešic´ / Topology and its Applications 102 (2000) 169–180
Observe that
p u q
p
:X×B Y →X and p u q
q
:X×B Y → Y
are also fibrations (the notation should bring to the mind the relation p u q = p ◦ puq
p
=
q ◦ puq
q
). Moreover, as shown in Proposition 2.4, Aut(puq
p
) and Aut(puq
q
) can be naturally
identified with subgroups of Aut(p u q).
The principal objective of this paper is to study the group Aut(p u q) extending thus the
results of [9] on self-homotopy equivalences of product spaces. Incidentally, some more
general results on automorphisms of products in a general category are obtained. Generally
speaking, the results on self fibre homotopy equivalences are quite rare in the literature—
see §3(b) of [1]. In particular, the only treatment of self-equivalences of a fibred product I
am aware of is contained in a short announcement in [3].
In order to formulate the main result the following concept is needed. Let iX, iY be,
respectively the inclusions (as slices determined by base-points) of X and Y in X× Y , and
let pX , pY be the projections of X× Y on X and Y . Given a self-map f :X× Y →X× Y
and I, J ∈ {X,Y } we write fI :X × Y → I for the composition fI := pI ◦ f (so that
f is represented componentwise as f = (fX,fY )), and fIJ :J → I for the composition
fIJ := pI ◦ f ◦ iJ . The self-homotopy equivalences of X × Y are reducible if fXX and
fYY are self-equivalences of X and Y , respectively whenever f is a self-equivalence of
X× Y .
The main result states: if the self-homotopy equivalences of the fibre of p u q (which is
the product of fibres of p and q) are reducible then Aut(p u q) decomposes as a product
of its subgroups Aut(puq
p
) and Aut(puq
q
).
The paper is organized as follows. In the first section we work in a general situation
and determine some abstract conditions which imply a decomposition of the group of
automorphisms of a product object in an arbitrary category as a product of two subgroups.
In the second section we recall from [9] several useful conditions that imply the reducibility
of self-equivalences, and then prove the main result. Moreover, some methods for the
computation of the groups Aut(puq
p
) are considered. The final section is dedicated to some
typical computational examples.
1. AutC(X× Y )
Although our main interest is in results about self-equivalences of fibred products we
are going to work in a very general categorical situation. The reason is that the proof is not
by any means more difficult, while it allows a clear distinction between the purely formal
steps and those that are satisfied in concrete situations.
Let
X
pX←−X× Y pY−→ Y
be the product of objects X,Y in the category C . We are going to show that under suitable
conditions the group Aut(X × Y ) = AutC(X × Y ) can be described in terms of simpler
P. Pavešic´ / Topology and its Applications 102 (2000) 169–180 171
groups. The following notation will be also used: (f, g) :Z→ X × Y is the morphism
determined by the morphisms f :Z→X and g :Z→ Y and the universal property of the
product while f × g :X × Y →X′ × Y ′ is the morphism determined by f :X→ X′ and
g :Y → Y ′; AutX(X × Y ) is the submonoid of Aut(X × Y ) consisting of automorphisms
f :X× Y →X× Y with the property pX ◦ f = pX , and similarly for AutY (X× Y ).
The definition of reducibility of an element f ∈ Aut(X × Y ) stated in the Introduction
does not apply to arbitrary categories, since we cannot in general expect to have inclusions
iX, iY . The following definition will be an adequate substitute. Moreover, as we will see
in Proposition 2.1, for products of CW-complexes the two concepts coincide. An element
f = (fX,fY ) ∈ Aut(X × Y ) is reducible if (fX,pY ) and (pX,fY ) are also elements of
Aut(X× Y ).
We will say that a group G is a product of its subgroups A and B if the intersection
of A and B is trivial, and AB = G, where AB := {ab | a ∈ A, b ∈ B}. Note that the
first assumption is not standard, as in the literature products of subgroups with non-trivial
intersection are also considered.
Theorem 1.1. Assume that all elements of Aut(X× Y ) are reducible and that AutX(X×
Y ), AutY (X × Y ) are subgroups of Aut(X × Y ). Then Aut(X × Y ) is the product of
AutX(X× Y ) and AutY (X× Y ).
Proof. The intersection of AutX(X×Y ) and AutY (X×Y ) is clearly trivial, so it remains to
show that every automorphism f ofX×Y can be factored as f = g◦h, where pX ◦g = pX
and pY ◦ h = pY . Since f is reducible (fX,pY ) is an element of AutY (X × Y ) whose
inverse is of the form (f¯X,pY ) by the second assumption. The composition
(pX,fY ) ◦ (f¯X,pY )=
(
f¯X, fY ◦ (f¯X,pY )
)
is an automorphism of X × Y so again by reducibility (pX,fY ◦ (f¯X,pY )) is an element
of AutX(X× Y ). Consequently(
pX,fY ◦ (f¯X,pY )
) ◦ (fX,pY )= (fX,fY ◦ (f¯X,pY ) ◦ (fX,pY ))= (fX,fY ),
which concludes the proof. 2
In general, the fact that a group is a product of its subgroups does not allow a very precise
description of its structure even when the subgroups are completely known. However, there
are many results spread in the literature, most of which are collected in the book [2]. The
following are characteristic theorems in this field: a product of two abelian groups is met-
abelian (Ito’s theorem), and more generally, a residually finite product of two abelian-by-
finite groups is metabelian-by-finite; a product of two finite nilpotent groups is solvable
(Kegel–Wielandt’s theorem); the rank of a product is majorated by the sum of the ranks
of the factors. For precise definitions and proofs of these and other facts see [2], for some
topological applications see Chapter 2 of [9].
The following corollary is a generalization of the theorem of Booth and Heath [3], and
it requires some special assumptions.
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Corollary 1.2. Assume that the conditions of the previous theorem are satisfied, and
moreover, that the homomorphism Aut(Y )→ AutX(X × Y ) given by f 7→ 1X × f is
bijective. Then AutY (X × Y ) is a normal subgroup of Aut(X × Y ), therefore there is a
split short exact sequence of groups
0→AutY (X× Y )→Aut(X× Y )→Aut(Y )→ 0,
and the splitting Aut(Y )→Aut(X× Y ) is given as f 7→ 1X × f .
Proof. By the previous theorem, it is sufficient to verify that the conjugation induces an
action of Aut(Y ) on AutY (X× Y ), which follows from the relation
(1× f−1) ◦ (g,pY ) ◦ (1× f )=
(
g ◦ (1× f ),pY
)
. 2
In special categories (and the applications we have in mind are among them) reasonably
simple conditions can be given for Aut(Y ) → AutX(X × Y ) to be a bijection—see
Proposition 1.4. Moreover, one should be aware of the fact that however restrictive might
look this hypotheses, it is required in all previous treatments of self-equivalences of product
spaces, and severely limits their applicability. Indeed, the assumptions that the groups of
homotopy classes, [X,H(Y )] in Booth–Heath [3], or [X∨ Y,X∧ Y ] in Sieradski [10], are
trivial exactly correspond to the above hypotheses. We can thus clearly see what happens if
the above conditions are not satisfied: AutX(X× Y ) and AutY (X× Y ) need not be normal
subgroups of Aut(X × Y ). Our identification of Aut(X × Y ) as a product of subgroups
gives the answer in the general case.
In many categories the projections pX , pY from X × Y to X and Y have sections, i.e.,
maps iX :X→ X × Y and iY :Y → X × Y such that pX ◦ iX = 1X and pY ◦ iY = 1Y .
When these sections satisfy some additional hypotheses concerning compositions pX ◦ iY
and pY ◦ iX a more precise description of Aut(X × Y ) can be obtained. For example,
when C is the category of pointed sets and base-point preserving maps (or any category
whose objects are pointed sets with corresponding morphisms), and if sections are defined
as slices determined by base-points, then both pX ◦ iY and pY ◦ iX are constant functions.
For our purpose a weaker condition will be sufficient. Let us say that the sections iX, iY
are right-absorbing if
pX ◦ iY ◦ f = pX ◦ iY and pY ◦ iX ◦ g = pY ◦ iX
for every f :Y → Y and g :X→X. Similarly, the sections are left-absorbing if
g ◦ pX ◦ iY = pX ◦ iY and f ◦ pY ◦ iX = pY ◦ iX
for every f :Y → Y and g :X→ X, and the sections are absorbing if they are both left
and right absorbing.
In categories with sections the two concepts of reducibility can be compared:
Lemma 1.3. Assume that the section iX is right-absorbing, and that AutY (X × Y ) is a
group. If (fX,pY ) is in Aut(X× Y ), then fX ◦ iX is in Aut(X). Moreover, the function
ΦX : AutY (X× Y )→Aut(X),
given by Φ(fX,pY ) := fX ◦ iX is a homomorphism.
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Proof. The relation
iX ◦ fX ◦ iX = (fX ◦ iX,pY ◦ iX ◦ fX ◦ iX)= (fX ◦ iX,pY ◦ iX)= (fX,pY ) ◦ iX
implies
ΦX
(
(fX,pY ) ◦ (f ′X,pY )
)= pX ◦ (fX,pY ) ◦ (f ′X,pY ) ◦ iX
= fX ◦ iX ◦ f ′X ◦ iX =ΦX(fX,pY ) ◦ΦX(f ′X,pY ).
It follows that fX ◦ iX ∈Aut(X), and that ΦX is a homomorphism. 2
Let AutXY (X × Y ) denote the submonoid of Aut(X × Y ) consisting of elements f ∈
AutY (X×Y )which satisfy f ◦iX = iX. We can now describe the structure of AutY (X×Y ).
Proposition 1.4. Assume that the sections iX, iY are right-absorbing and that AutY (X×
Y ) is a group. Then there is a split short exact sequence of groups
0→AutXY (X× Y )→AutY (X× Y )
ΦX−→Aut(X)→ 0,
where ΦX(fX,pY )= fX ◦ iX, and the splitting is given by σX(f ) := f × 1Y .
Proof. By the above lemma ΦX is a well-defined homomorphism. On the other hand, it is
obvious that σX : Aut(X)→ AutY (X × Y ) is well-defined and that it is a homomorphism,
which is a right inverse to ΦX . To see that the kernel of ΦX coincides with AutXY (X× Y )
observe that ΦX(fX,pY )= 1X implies
(fX,pY ) ◦ iX = (1X,pY ◦ iX)= (pX ◦ iX,pY ◦ iX)= iX. 2
The following theorem is an extension of the results of Booth and Heath [3] to a general
category.
Theorem 1.5. Assume that all automorphisms of X × Y are reducible, that the sections
iX, iY are absorbing and that AutYX(X × Y ) is trivial. Then there is a split short exact
sequence of groups
0→AutXY (X× Y )→Aut(X× Y ) Φ→Aut(X)×Aut(Y )→ 0,
where Φ(f ) := (fX ◦ iX, fY ◦ iY ), and the splitting
σ : Aut(X)×Aut(Y )→Aut(X× Y )
is given by σ(g,g′) := g× g′.
Proof. Since the automorphisms of X × Y are reducible the function (ΦX,ΦY ) is well-
defined. Moreover, its right inverse σ is clearly a homomorphism. As ΦY (pX,fY ◦ iY ◦
pY )=ΦY (pX,fY ), the triviality of KerΦY =AutYX(X× Y ) together with the reducibility
imply fY = fY ◦ iY ◦ pY whenever (fX,fY ) ∈ Aut(X × Y ). That Φ is a homomorphism
can be seen from the following computation:
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Φ
(
(fX,fY ) ◦ (f ′X,f ′Y )
)
=Φ((fX,fY ◦ iY ◦ pY ) ◦ (f ′X,f ′Y ◦ iY ◦ pY ))
= (fX ◦ (f ′X,f ′Y ◦ iY ◦ pY ) ◦ iX, (fY ◦ iY ◦ f ′Y ◦ iY ◦ pY ) ◦ iY )
= (fX ◦ (f ′X ◦ iX,pY ◦ iX), fY ◦ iY ◦ f ′Y ◦ iY )
= (fX ◦ iX ◦ f ′X ◦ iX, fY ◦ iY ◦ f ′Y ◦ iY )
=Φ(fX,fY ) ◦Φ(f ′X,f ′Y )
(the third and the fourth equality follow from the absorption property). Finally, it is obvious
that KerΦ coincides with KerΦX =AutXY (X× Y ). 2
When C is the homotopy category of the category of CW-complexes the above theorems
are generalizations of the main results in [3,9].
As an interesting non-topological application of the last result let C be the category of
abelian groups and let A= F ⊕T be the decomposition of an abelian groupA as a product
of a free group F and a torsion group T . It is easy to see that the conditions of the theorem
are satisfied, hence we obtain the well-known result that Aut(A) is a semi-direct product
of Aut(F )×Aut(T ) and Hom(F,T ).
2. Aut(p u q)
In this section we will apply the results of the previous section to the category CWB
described in the Introduction, and to the category CWBB , whose objects are fibrations
p :X→ B with sections p¯ :B→X, where the total space and the fibre have the homotopy
type of a CW-complex, and whose morphisms are maps that preserve fibres and sections
(elsewhere such objects are called ex-fibrations). We will also consider fibred products of
objects in CWB that have sections. As already seen, CWB has categorical products given
by fibred products of fibrations. Similarly, the product of objects p and q in CWBB is again
their fibred product p u q with a section given by (p¯, q¯) :B→X×B Y . Observe that
p u q
p
:X×B Y →X and p u q
q
:X×B Y → Y
also have sections
(1X, q¯ ◦ p) :X→X×B Y and (p¯ ◦ q,1Y ) :Y →X×B Y,
respectively.
As we have already mentioned in the Introduction, the crucial condition that allows the
application of our methods is the reducibility of automorphisms of the product. Note that
the corresponding property for products of spaces was called IEP (induced equivalence
property) in [3] and diagonalizability in [9].
In the homotopy category of CW-complexes the two definitions of reducibility coincide:
Lemma 2.1. Let us assume that X and Y are CW-complexes. For an f ∈Aut(X× Y ) the
map (fX,pY ) ∈Aut(X× Y ) if, and only if fX ◦ iX ∈Aut(X).
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Proof. The action of (fX,pY ) on the homotopy groups of X× Y can be described by the
matrix[
(fX ◦ iX)] (fX ◦ iY )]
0 (1Y )]
]
.
Clearly, this matrix is invertible if, and only if fX ◦ iX is a homotopy self-equivalence of X
(cf. Proposition 2.1 of [9]). 2
The reducibility of self-equivalences of a product is a quite restrictive condition, which
limits the applicability of our results. For example, the switching map T :X×X→X×X,
given by T (x, x ′) := (x ′, x) is not reducible. However, this difficulty seems to be inherent
to the subject. One should observe that even in a much simpler linear case the description
of the group of automorphisms of a product of two modules over some ring is much easier
when the factors are very different. Nevertheless, there are sufficiently many interesting
cases, where the theory can be successfully applied (cf. [3,9]) to justify the development
of the theory.
The following result is proved in [9] (Proposition 2.1 and Corollary 2.2), and gives some
useful criteria for detecting the reducibility:
Proposition 2.2. Let X and Y be topological spaces. Each of the following conditions
imply that the self-homotopy equivalences of X× Y are reducible:
(a) For every n > 0 and for every pair of maps (f :X→ Y, g :Y →X) at least one of
the induced maps f] :pin(X)→ pin(Y ), g] :pin(Y )→ pin(X) is trivial.
(b) For every n > 0 at least one of the groups pin(X), pin(Y ) is trivial.
(c) For every n > 0 at least one of Hom(pin(X),pin(Y )), Hom(pin(X),pin(Y )) is trivial.
(d) X is n-dimensional and Y is n-connected.
(e) X and Y are simply connected, H∗(X) is P -local and H∗(Y ) is Q-local for two
disjoint sets of primes P and Q.
Let C be the homotopy category of CWB with respect to the usual fibrewise homotopy.
To conform with the standard notation, the objects of C will be denoted as p,q, . . . , and
the categorical product as p u q , so in particular Autp(pu q) corresponds to AutX(X×Y )
of the previous section.
The long exact sequence of homotopy groups implies that a self-map f :p u q→ p u q
is a homotopy equivalence if, and only if its restriction to the fibre, which is the product
of fibres of p and q , is a homotopy equivalence. The following proposition immediately
follows:
Proposition 2.3. A self-homotopy equivalence of p u q is reducible if, and only if its
restriction to the fibre is reducible as a self-equivalence of the product.
Proof. Let f = (fX,fY ) be an element of Aut(puq). The restriction of the map (fX,pY )
on the fibre is a self-map of a product, which is again of the some form, i.e., fixes the second
176 P. Pavešic´ / Topology and its Applications 102 (2000) 169–180
factor. If the self-equivalences of the fibre are reducible, this map is a self-equivalence,
hence (fX,pY ) ∈Aut(p u q). The other implication is proved similarly. 2
In order to work with Autp(p u q) it is important to identify it with the group
Aut(puq
p
). Note that the identification is not immediate since these two objects have quite
different definitions: the first is the submonoid of homotopy classes of self-equivalences
f :X×B Y →X×B Y , which satisfy
p u q
p
◦ f ' p u q
p
,
while the second is a group of homotopy classes of fibrewise self-homotopy equivalences
of X ×B Y . Nevertheless, as the fibrewise homotopy is stronger than the usual one there
is a well-defined function Aut(puq
p
)→Autp(p u q), which to a fibre-homotopy class of a
fibrewise self-equivalence f assigns the homotopy class of the self-equivalence f .
Proposition 2.4. The above defined function
Aut
(
p u q
p
)
→Autp(p u q)
is an isomorphism of groups.
Proof. In both sets the operation is induced by the composition, so the function is clearly
a homomorphism of a group into a monoid. In order to prove the injectivity take two self
maps f,g of X ×B Y over X and assume that there is a homotopy Ht :f ' g which is
only over B . Then H˜t :X ×B Y → X ×B Y defined as H˜t (x, y) := (x,pY ◦ Ht(x, y)) is
well-defined because Ht is over B , and it is a homotopy between f and g over X. Toward
the surjectivity, let f be an over B self-homotopy equivalence of X×B Y , such that
p u q
p
◦ f ' p u q
p
.
As puq
p
is a fibration, f is homotopic over B to a self-equivalence over X of X ×B Y ,
which is a fibre-homotopy equivalence by a theorem of Dold (Theorem 6.3 of [4]), hence
the class of f is contained in the image of the above function. 2
From now on we will not make distinction between Autp(p u q) and Aut(puqp ). By
putting together the last two propositions and Theorem 1.1 our most general result on self-
equivalences of a fibred product now easily follows:
Theorem 2.5. Assume that all self-homotopy equivalences of the fibre of p u q are
reducible. Then Aut(p u q) is the product of Aut(puq
p
) and Aut(puq
q
).
More information can be obtained if p and q have sections p¯ and q¯ . Then, as we
already explained, there are sections ip :p→ p u q , iq :q→ p u q defined by ip(x) :=
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(x, q¯(p(x))) and iq(y) := (p¯(q(y)), y). The following result is easily verified from the
definitions:
Lemma 2.6.
(1) In CWB , if both p and q have sections then ip and iq are right-absorbing.
(2) In CWBB the sections ip and iq are absorbing.
Since the absorption properties are preserved by homotopies, the application of
Proposition 1.4 and Theorem 1.5 yields the following corollaries.
Corollary 2.7. Let C be the homotopy category of CWB . If p and q have sections then
Aut(puq
p
) is the semi-direct product of Aut(q) and Autqp(p u q).
Corollary 2.8 (Booth and Heath, [3]). Let C be the homotopy category of CWBB , and
assume moreover that the self-equivalences of p u q are reducible and that Autqp(p u q) is
trivial. Then Aut(p u q) is the semi-direct product of Aut(p)×Aut(q) and Autpq (p u q).
In view of the above results it would be useful to have some more detailed information on
the structure of Autqp(puq) and Autpq (puq). In [3] the authors used an approach analogous
to that for products of spaces by using fibre mapping spaces instead of the usual ones.
However, apart from an alternative description, this does not in general lead to explicit
computations. The reason is that while for topological spaces the fibration pX :X×Y →X
is a very special one, the fibration puq
p
:X×B Y →X is almost completely general, so one
cannot expect great simplifications from the fibre mapping space approach.
3. Applications
The following examples illustrate some typical situations when the above results can be
used.
3.1. Fibred product with a trivial fibration
When p :X→B is a fibration and q :B×F → B is the trivial fibration then their fibred
product is
p u q :X× F → B.
Assume that the self-equivalences of the product of F with the fibre of p are reducible. By
Theorem 2.5, Aut(puq) is the product of Aut(X×F →X) and Aut(X×F →B×F). By
Proposition 1.3(d) of [9] the first group is determined by the following split exact sequence
of groups
0→ [X, aut1(F )]→Aut(X× F →X)→Aut(F )→ 0,
where aut1(F ) is the space of self-maps of F homotopic to the identity. The fibration
p × 1 :X × F → B × F has a section p→ p × 1 which induces a split epimorphism
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Aut(p× 1)Aut(p). Similarly as in Proposition 1.3(d) of [9] one can identify the kernel
of this epimorphism with the group [F, aut1(p)], where aut1(p) denotes the space of
fibrewise self-maps of p, which are fibrewise homotopic to the identity. Therefore, there is
a split exact sequence
0→ [F, aut1(p)]→Aut(p× 1)→Aut(p)→ 0.
The situation is different if p has a section and only self-equivalences that preserve
sections are considered. The first of the above split exact sequences then becomes
0→ [X, aut•1(F )]→Aut(X× F →X)→Aut(F )→ 0
(aut•1(F ) is the subspace of aut1(F ) consisting of based maps), while the second remains
unchanged if we interpret aut1 as taken in the category CWBB . When in addition aut•1(F ) is
contractible (e.g., when F =K(G,n), an Eilenberg–MacLane space), then the conditions
of the Theorem 1.5 are satisfied, and we conclude that in this case Aut(p u q) is a semi-
direct product of Aut(p)×Aut(G) and [K(G,n), aut1(p)]. This is a general version of the
last example in [3].
3.2. Fibrations with a product space as a fibre
When a fibration of the form
F ×G ↪→ Z r→B
is given it is natural to ask if it can be decomposed as a fibred product of two fibrations.
An answer to that question can be given in terms of classifying spaces. For an associative
H -space let BH denote the Stasheff’s classifying space of H (cf. [11]). Then by [5] the
fibration r is induced by a map ξ :B→B aut(F ×G), which we will denote by r = r(ξ).
The answer to the above question can be formulated as follows: the fibration r is a fibred
product of two fibrations with fibres F and G, respectively if, and only if there is a map
ξ¯ :B→ B aut(F )×B aut(G),
such that Bı ◦ ξ¯ ' ξ , where Bı is induced by the obvious homomorphism
ı : aut(F )× aut(G)→ aut(F ×G).
We omit the proof of this fact since it is analogous to the standard proof of the
corresponding result for bundles (cf. Theorem VI, 5.1 of [6]).
As an example, let r :Z→ B be a fibration whose fibre is K(M1,m1) × K(M2,m2),
where M1 and M2 are abelian groups and m1 < m2. To determine spaces of self-equiv-
alences we use a result of Thom [12] that the space of maps into an Eilenberg–MacLanes
space is homotopy equivalent to a product of Eilenberg–MacLane spaces:
map
(
X,K(M,m)
)' m∏
i=0
K
(
Hm−i(X;M), i).
A straightforward computation yields that aut(K(M,m)) ' Aut(M) × K(M,m) (as a
topological space, while the monoid structure is given by a semi-direct product—cf. [7]).
Hence,
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aut
(
K(M1,m1)×K(M2,m2)
)
'Aut(M1)×K(M1,m1)×Aut(M2)×K(M2,m2)
×
m2−m1∏
i=1
K
(
Hm2−i
(
K(M1,m1)×K(M2,m2);M2
)
, i
)
(here too, the monoid structure is more complicated). Observe that
ı : aut
(
K(M1,m1)
)× aut(K(M2,m2))→ aut(K(M1,m1)×K(M2,m2)),
the obvious inclusion as a slice (which turns out to be a monoid homomorphism) has a left
inverse pi given by the projection.
If ξ :B→ B aut(K(M1,m1)×K(M2,m2)) is the classifying map of the fibration r then
the above condition for the existence of a product decomposition can be reformulated as
follows: r is a fibred product if, and only ifΩξ :ΩB→ aut(K(M1,m1)×K(M2,m2)) can
be decomposed as Ωξ ' ı ◦Ωξ¯ for some ξ¯ :B→ B autK(M1,m1)×B autK(M2,m2)).
This is in turn equivalent to the requirement that pi ◦Ωξ is in the image of the cohomology
suspension, and that often can be easily checked. Thus we obtain the following result
concerning the fibration
K(M1,m1)×K(M2,m2) ↪→ Z r→ B (m< n),
with classifying map ξ :B→ B aut(K(M1,m1)×K(M2,m2)), over a simply-connected
space B .
Theorem 3.1. If pi ◦Ωξ :ΩB→ aut(K(M1,m1))× aut(K(M2,m2)) is in the image of
the cohomology suspension then r = r(ξ1) u r(ξ2), where
(ξ1, ξ2) :B→K(M1,m1 + 1)×K(M2,m2 + 1)
is a lifting of ξ .
In this case the group Aut(r) decomposes as the product of its subgroups Aut( r
r(ξ1)
) and
Aut( r
r(ξ2)
), and the factors fit in the exact sequences (i = 1,2)
Hn(X;Mi)
( r
r(ξi )
)∗
−→ Hn(Z;Mi)→Aut
(
r
r(ξi)
)
→Aut(Mi) ν−→Hn+1(X;Mi),
where ν(f ) := f ◦ ξ¯i ◦ r(ξi)− ξ¯i ◦ r(ξi) are functions (not necessarily homomorphisms),
whose kernels are subgroups of Aut(Mi).
Proof. The first assertion is clear from the above discussion and from the Theorem 2.5,
while the exact sequences follow from Theorem 3.2 of [8]. 2
We have thus achieved a fairly complete description of the group of self fibre homotopy
equivalences of s fibration, whose fibre is a product of two Eilenberg–MacLane spaces.
We can also see how the treatment of more complex case depends on the knowledge of
corresponding classifying spaces and classifying maps.
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3.3. Bundles over a product of manifolds
An important source of fibred products are tangent bundles over product manifolds.
If M and N are smooth manifolds of dimension m and n then their tangent bundle
(T (M ×N), r,M ×N) is the fibred product of bundles p and q , where p is the pullback
of the tangent bundle of M along the projectionM ×N→M , and q is the pullback of the
tangent bundle of N along the projectionM ×N→N . Obviously, the principal bundle of
the tangent bundle inherits the structure of the fibred product.
For example, if M is an orientable 2-manifold and N is an orientable 3-manifold, then
the principal bundles pM and pN of their tangent bundles are an SO(2) and an SO(3)
bundle, respectively. It follows that the principal bundle pM×N of the tangent bundle over
M ×N is an SO(2)× SO(3)= S1 ×RP 3 bundle. Since [RP 3, S1] =H 1(RP 3) is trivial,
by Proposition 2.2 the self-equivalences of RP 3 × S1 are reducible, hence our theory can
be applied to compute Aut(pM×N). Indeed, as in our previous results, Aut(pM×N) is the
product of subgroups Aut(puq
p
) and Aut(puq
q
) where p := pr∗M(pM) and q := pr∗N(pN).
Moreover, in our example, the fibre of puq
q
is S1, so the exact sequence of Nomura [8] can
be used.
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